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Abstract 

A topological invariant of a special class of the geodesic laminations on 
the modular surfaces is constructed. The invariant has a continuous part 
(the tail of a continued fraction) and a discrete part (the singularity data). 
It is shown that the invariant is complete, i.e. the geodesic lamination can 
be recovered from the invariant. The continuous part of the invariant has 
the geometric meaning of a slope of the lamination on the modular surface. 



Key words and phrases: modular surface, geodesic lamination 
AMS (MOS) Suhj. Class.: 57M50 

1 Introduction 

The geodesic lamination is a closed set of the disjoint simple geodesies on a 
Riemann surface S. It is well known that a simple geodesic is either (i) a closed 
geodesic, (ii) a non-closed spiral geodesic tending to a closed geodesic or (iii) a 
non-closed geodesic whose limit set is a perfect (Cantor) subset of 5 [5]. We 
shall focus on the geodesic laminations, whose leaves are of type (iii). 

The Chabauty topology turns the set of such laminations into an important 
topological space A — A{S). For example, the boundary of the Tcichmiillcr space 
of a surface S is homeomorphic to A, except at the points A G A corresponding 
to the laminations with more than one independent ergodic measure [B] . 

The A is a compact Hausdorff topological space. It has a metric measuring 
the angles between the asymptotic direction (a slope) of the laminations on the 
surface S. In the simplest case S = T^, all possible slopes are exhausted by the 
irrationals 6 G [0, 27r[ and therefore the boundary of the Teichmiiller space of 
the torus is a unit circle. 

In 1936 A. Weil asked about an extension of the classical Poincare rotation 
numbers (the slopes) of the flows on the torus to the case of the higher genus 
surfaces [IT]. It was conjectured that passing to the hyperbolic plane might be 
critical to a solution of the problem, ibid. An excellent survey of Anosov [1] gives 
an account of the Weil's problem after 1936. There are many interesting devel- 
opments towards a solution of the problem due to Aranson-Grines-Zhuzhoma 
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[5], Schwartzman [13], Series [2], Moeckel [TU] and others, see [T]. Let us men- 
tion a spiritually close and influential work of E. Artin [3]. 

In this note to every lamination (of a fixed class) a slope - an irrational 
number, 9, is assigned. Technically, the slope 9 is defined via a regular contin- 
ued fraction and the linear transformations of the hyperbolic plane. The slope 
measures an asymptotic direction of the lamination on the surface. Recall that 
the continued fractions can be used to study the action of the ordered sequences 
of the Mobius transformations on the points of the hyperbolic plane H. Namely, 
if an infinite sequence t„ G SL[2, C) acts on H, then the image of point z = oo 
converges to a complex number: 

oo J 

= [] r„(oo) = ao + , (1) 

"=o ai + 

a2 + ■ ■ ■ 

where an,,5„ S C are uniquely defined upon t„, see Wall [16], p. 13. 

Let A* be a singleton, i.e. a geodesic lamination consisting of one simple 
closed geodesic. The singletons are dense in the space A, see e.g. [1], Lemma 
4.2.15. We shall use this fact to approximate the elements A € A by the se- 
quences of the singletons {A* }. Namely, recall that each closed geodesic is the 
axis of an isometry of the hyperbolic plane, cf. §4.2.3 of the appendix. There- 
fore, the sequences of the closed geodesies {A* } are bijective with the sequences 
of the transformations {tu}, such that |ir t„| > 2. It is easy to see that if 
A = limA* is a lamination defined by the singletons, then the slope 9 = 9{X) of 
A can be introduced via the formula ([1]) with the r„ as specified above. 

Let T{N) and To{N) be the principal congruence and the Hecke subgroups 
of the modular group, respectively. The Riemann surface X{N) — r(A^)\IHI 
{Xq{N) = ro(A^)\IHI) is known as a modular surface. Further we deal with the 
geodesic laminations on the modular surfaces. Since t„ G 5'L(2,Z), the slope of 
a A £ A{X{N)) (or A(Xo(A^))) can be defined by a regular continued fraction. 

To recover the lamination from a slope, one needs to specify the number 
and type of the boundary components of the lamination, see [5]. Let g = g{N) 
be the genus of the modular surface and A = {ki, . . . , km) a finite set of the 
positive integers and half-integers such that = 2(7 — 2. The A is called a 

singularity data of the lamination. We consider a class of the laminations, which 
we shall call the Legendre laminations, and prove the following theorem. 

Theorem 1 There exists a one-to-one correspondence between the equivalence 
classes of the Legendre laminations A G A{X{N)) (or A{Xo{N)) ) and the pairs 
(G, A), where Q — 9 mod GL(2,Z) is an equivalence class of the positive irra- 
tionals modulo the action of the matrix group G'L(2,Z) and A is the singularity 
data of the lamination A. 

The article is organized as follows. In section 2 the geodesic laminations are 
reviewed. In section 3 the Legendre laminations are introduced and their slopes 
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are defined. In the same section, theorem 1 is proved. The section 4 is reserved 
for a reference on the continued fractions and the modular surfaces. 

Acknowledgements. I wish to thank A. Marden, K. Rafi, M. Sakuma and D. Sil- 
ver for an interest in the work. 

2 Geodesic laminations 

This section is a brief review of the geodesic laminations following [5j and con- 
tains no original results. We refer the reader to the above cited monograph for 
a detailed account. 

2.1 The Chabauty topology 

Let S' be a connected complete hyperbolic surface. By a geodesic on S we 
understand the maximal arc consisting of the locally shortest sub-arcs. The 
geodesic is called simple if it has no self-crossing or self-tangent points. We shall 
leave aside a non-trivial question of the existence of simple geodesies, referring 
the reader to A geodesic lamination on S* is a closed subset A of S, which is 
a disjoint union of the simple geodesies. The geodesies of A are called the leaves 
of A. The lamination A is called minimal if no proper subset of A is a geodesic 
lamination. The following lemma gives an idea of the minimal laminations (our 
main object of study). 

Proposition 1 A minimal lamination \ in a closed orientable hyperbolic sur- 
face S is either a singleton (simple closed geodesic) or an uncountable nowhere 
dense (Cantor) subset of S. 

Proof. See Lemma 4.2.2 of [4 and Lemma 3.3 of [5]. □ 

The laminations A, A' on S are said to be (topologically) equivalent if there 
exists a homeomorphism ip : S ^ S such that each leaf of A through the 
point X € S goes to the leaf of A' through the point 1^9(2;). Clearly, the set of all 
laminations, A(5'), on S splits into the equivalence classes under the equivalence 
relation. 

Since S' is a complete hyperbolic surface, its universal cover is the unit disk 
D. Any A £ A(S') lifts to a lamination A on D, which is invariant under the 
action of the covering transformations. Every leaf of A is given by an unordered 
pair of points at the boundary of D, and therefore the space of geodesies is 
homeomorphic to a Mobius band, M. 

Let C{M) be the set of all closed subsets of M. The Chabauty topology on 
C(M) is given by the (Hausdorff) distance d: 

d{X,Y) < e iff a: C N^(Y) and Y C N^{X), (2) 

where N^iX) {Ni;{Y)) is a e-neighbourhood of the closed set X e C(M) {Y G 
C{M)). The function d turns the set A of the laminations in D into a compact 
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metrizable HausdorfF space. The Chabauty topology on A{S) can be defined as 
a factor-topology of the topology on A under the covering map. Everywhere in 
below, the standard topology on the set A(5') will be the Chabauty topology. 
The following statement, mentioned in the introduction, will be critical. 

Proposition 2 The subspace A*{S) made of the singletons (i.e. the lamina- 
tions consisting of one simple closed geodesic) is dense in the A(S'). 

Proof. See 4, Lemma 4.2.15. □ 

2.2 The principal regions and boundary leaves 

If A G A(S'), then a component of 5 — A is called a principal (complementary) 
region for A. (Note that S — X may have several connected components.) The 
leaves of A, which form the boundary of a principal region, are called the bound- 
ary leaves. If A is minimal (which we always assume to be the case), then each 
boundary leaf is a dense leaf of A, isolated from one side. Note that by the 
proposition [1] it holds: 

Area (5 - A) = Area S, (3) 

and therefore the principal region is a complete hyperbolic surface of the area 
— 27rx(S'), where x{S) = 2 — 2sr is the Euler characteristic of the surface S. If U 
is a component of the preimage of the principal region in D, then J7 is a union 
of the ideal polygons Ui in D (see Fig.l) 




(i) Maximal number of ideal (ii) Minimal number of ideal 

polygons polygons 

Figure 1: The region U = Li Ui for the surface g = 2 

The hyperbolic area of an ideal rt-gon Ui is equal to (n ~ 2)7r, see [5]. Since 

J2 Area [/, = (4g - 4)7r, (4) 
the number of the ideal polygons in U is finite. 

2.3 The singularity data 

Roughly, the singularity data counts the number and shape of the ideal polygons 
Ui, which cover the principal region of A. Since Area Ui = {n — 2)7r and 
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Area Ui = {4g — 4)7r, there exists only a finite number of the choices for 
such a data (for a fixed genus g). Let A = {ki, . . . , km) be a set of the positive 
integers and the half-integers, such that '^ki = 2g — 2. To each ideal n-gon Ui, 
we assign a number fcj such that 

h = (5) 

The reader can verify that the equation ^ Area Ui — {Ag — 4)7r is equivalent 
to the equation ^ fc^ = 2^ — 2. An unordered tuple A = (fci, . . . , km) will be 
called a singularity data of the lamination A € A{S). 

3 Proof of theorem 1 

In this section the Legendre laminations are introduced. A slope of such lami- 
nations is defined and its properties are studied. Our theorem will follow from 
the properties and the singularity data. The proof is arranged into a series of 
lemmas. 

An idea of the slope has been sketched in the introduction. Let us give an 
exact definition of a Legendre lamination and the associated slope. Recall that 
an n-th iterate of the regular continued fraction can be written as 

ToTi...Tn{z)=Po-\ ^—^ , (6) 

Pi H 



1 

P2 + --- + 



Pn + Z 

where po G N U {0} and pk S N for = 1, . . . , n, see the appendix. The Mobius 
transformations Tk have the form: 

ro{z)=po + z, Tk = — \ — , k = l,...,n. (7) 
Pk + z 

One can rewrite the above transformations in the matrix form: 

Let us call the Mobius transformation t/j = ^ ^ ^ a regular factor and 

the transformation tq = * ^^^^ factor. Let A* S K*{X{N)) (g 

A*{Xo{N))) be a simple closed geodesic. We denote by (A*) e r(iV) (g ro(iV)) 
an isometry, whose axis is A*, see the appendix. 

Definition 1 The geodesic lamination A € K{X{N)) (X G K{Xq{N))) is called 
Legendre if there exists a sequence of the singletons {A*} convergent to A, such 
that: 

(AS) = TO 
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(AD 



Ton 



(a;) 



TqTi ...Tn 



(9) 



where tq is a shift factor and Tn (n = 1, . . . , oo) are the regular factors. 
Lemma 1 The set of the Legendre laminations is a non-empty uncountable 



Proof. First, let us evaluate the lengths of the closed geodesies approximating 
the Legendre lamination. A matrix calculus gives us: 



where po € N U {0} and € N. Thus, the traces of (A*) is an unbounded 
monotone growing function of n. In view of the length-trace formula (see the 
appendix), we conclude that the lengths of the closed geodesies A* is also an 
unbounded monotone growing function of n. Since h.{X{N)) (A(Xo(7V))) is 
compact, the sequence of the singletons {A*} has a limit A € h.{X[N)) (e 
Iv[X(){N))). In view of the construction, the A is a Legendre lamination. Thus, 
the Legendre laminations is a non-empty subset of the set K{X{N)) (A(Xo(A'^))). 

Let us prove that the set of the Legendre laminations is an uncountable 
set. Indeed, the set of the infinite sequences of the natural numbers pk is 
an uncountable set. Since the subgroup r(A'^) (ro(A^)) has a finite index in 
SL{2,Z), there will be an uncountable set of the infinite sequences of pk such 
that (A*) e r(7V) (e ro(A^)). The above sequences are bijective with the 
Legendre laminations. □ 

In what follows, we shall work with the Legendre laminations. If it is not 
stated otherwise, by a lamination we shall mean the Legendre lamination. 

Lemma 2 If X e A{X{N)) (g A{Xo{N))) is a Legendre lamination, then the 
representation of A by the sequence {pi}^o unique. 

Proof. First, let us establish a bijection between {pilf^g and the positive ratio- 
nal Q+ (and henceforth between the singletons A* and Q"'"). For that, let 



subset of A{X{N)) (A{Xo{N))). 



tr {X*) 
tr {XI) 
tr (A^) 
tr {XI) 



2 

Po+Pi 

2 + PoPi + P1P2 

P0+P1+P2+PS+ P0P1P2 + P1P2P3 



(10) 



1 



(11) 



rn=Po + 



1 



Pi + 



1 

P2 + ... + — 

Pn 
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be the rational corresponding to {PijJLo- Conversely, let us assume that n is 
even. Then the representation of any r G Q"*" by a regular continued fraction 
is unique, see [H]. Therefore we established a mapping A* ^ Q+, where A* is 
the set of singletons. 

Let to the contrary, {A* } and {A* } be the two sequences of the singletons 
convergent to A. Then, corresponding to {A* } and {A* }, there are two regular 
continued fractions convergent to the same limit. □ This cannot happen in 
virtue of the proposition [J] (see the appendix). □ 

Now one can define a slope of the Legendre lamination A G A{X{N)) (g 
A(Xo(7V))). 

Definition 2 Let A G A{X{N)) (\ G A{Xo{N))) be a Legendre geodesic lami- 
nation whose regular factor decomposition is X = lim„^oo tqTi . . where tq = 

) '^'^'^ ^" ~ ^ 1 ) ' ^^^^ regular continued fraction 

o{\) = po + — ^ — (12) 

Pi H \ 

is called a slope of the lamination A on the modular surface X{N) (Xq{N)). 

It may seem that the slopes are defined only for the laminations on the modular 
surfaces X{N) and X^{N). It isn't true, because of the following construction, 
see [TS], Chapter 8.5. Let h : Si ^ S2 he a, homconiorphism between the 
Riemann surfaces Si, 82- Then it lifts to a homeomorphism /i : H — > H and 
extends to the boundary M of H. Recall that the geodesic lamination is a closed 
subset of M. Thus, the mapping h : C{M) — > C(M) sends the lamination 
Ai G A(S'i) to a lamination A2 G A(S'2), see [15], p. 189 for the details. In 
particular, one has the following basic property of the slopes. 

Lemma 3 The slopes 6, 9' of the topologically equivalent laminations A, A' G 
A{X{N)) (e A{Xq{N)) ) are the equivalent irrationals, i.e. 9' = 9 mod GL{2, Z). 

Proof. Let A have the regular factor decomposition 

A = hm tqTi . . . t„ . . . , (13) 

n — ^00 

and let ip : X{N) X{N) {(f : Xo{N) Xo{N)) be a homeomorphism sending 
A to A'. We want to find a regular factor decomposition of the A'. If A* is the set 
of singletons, then let iy9* : A* — > A* be the action of ip on A*. We established 
earlier a bijection A* ^ (Q)+. Thus, the action of ip extends to the positive 
rationals. But any such action has the form: 

^^'^ = ^7tI' (c l)^GL{2,'L+). (14) 



^Indeed, given natural order on the set {A* }U{A* }, one can arrange this set into a Cauchy 
sequence (in the Chabauty topology). Such a sequence has a unique limit. 
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We shall use the Euclidean algorithm to decompose y^, j into the regular 

factors Tg, . . . , T^, assuming that k is even. Therefore, the required regular factor 
decomposition of A' has the form: 

A' = hm Tq . . . r^ToTi . . . t„ . . . (15) 

n — >oo 

Since the regular factor decompositions of A and A' have the same tails, we 
conclude in virtue of the proposition [5l that the slopes 9,9' are the equivalent 
irrationals. □ 



In view of the above, the mapping A{X{N)) (9, A) {A{Xo{N)) (9, A)) 
is defined. Let us establish an inverse mapping. Let (9, A) be a pair consisting 
of the equivalence class 9 of the positive irrationals and A — (fci,...,fc„j) 
the singularity data. First, we wish to construct a principal region X{N) — A 
(Xo(iV) — A) of some lamination A. It will be clear from the construction, that 
such a region defines the lamination A itself. 

By the definition, the principal region is given by the vertices of the ideal 
n-gons lying at the boundary, T, of the unit disk D. The total number d of such 
vertices depends on the singularity data A = (fci, . . . , km) and can be calculated 
according to the formula: 

m 

d = ^(2/ci + 2). (16) 

1=1 

(For example, the singularity data A — (i, i, i, i) corresponding to the case 
(i) of Fig.l will give d — 12, which is the maximal possible value for the genus 
g — 2. Similarly, the singularity data A — (2) corresponding to the case (ii) of 
Fig.l will give d — 6, etc.) Thus, the principal region U = U{A) is specified by 
a point p eT'^. 

Let now 6* e 9 be a positive irrational in the equivalence class 9. We have 
shown earlier how to get an infinite sequence of the singletons A* e A*{X{N)) 
(A* e A* {Xq{N))) out of the regular continued fraction of 9. 

Let fio = rio(A5) be a subset of T'' consisting of the principal regions whose 
closure is disjoint from Aq. Similarly, denote by fli = rii(A^) a subset of flo 
consisting of the principal regions, whose closure is disjoint from A^^. In general, 
J7„ = r2„(A* ) is a subset of ilji-i containing the principal regions, which do not 
intersect with the singleton A* . Thus one gets the following chain of the strict 
inclusions: 

T'^ D^oDniD ...DilnD ... (17) 

It is not hard to see that the intersection n,^Qili consists of a single point p £ T''. 
The point p defines a principal region U = X{N) — X {U = Xq{N) — A) and 
therefore a lamination A G A{X{N)) (A G A{Xq{N))). By the construction, A 
has the slope 6 and the singularity data A = (fci, . . . , fc,„). □ 
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4 Appendix 



This section contains some basic facts on the continued fractions and the mod- 
ular surfaces, which have been used in the proof of theorem [TJ The reader is 
referred to |9j and [H] for a systematic account. 



4.1 Continued fractions 

The continued fraction can be viewed as a device to study the iterations of the 
Mobius transformations: 

r„(z) = ^^i^, zee, (18) 

where {a„}, {bn}, {c„} and {dn} are given sequences of the complex numbers. 
The n-th iterate can be written as: 

TqTi . . . Tn{z) ^ PO -\ — , (19) 



Pi 



P2 



qn-1 
Pn + Z 



where Pi,qi S C are the rational functions of a.;, bi, Ci and di, see [16]. With no 
restriction, one can study the iterations of the point z = oo since any zq G C 
maps to the infinity under an iteration t(z) = ^z^- In the case when the limit 



lim TqTi . . . Tn{oo) — V (20) 



n — >oo 



exists and is finite, the continued fraction: 



Po + '-^ (21) 

Pi 



P2 + ■■■ 

is said to converge to the complex number v. Denote by T„ the rt-th iteration 
of z: 

Tn(z) = rori...r„(z)= ^"" + ^" . (22) 

The numbers pn and q„ are called n-th partial numerator and denominator of 
the continued fraction, and the number r„(oo) = ^ is called an n-th approx- 
imant. The numbers Ai^Bi^ Ci and Di depend on the partial numerators and 
denominators via the formulas: 

Aq = pq, Bq = qo, Co ==0, Do = 1, 

An = PnCn-l + QnAn-l, 77 = 1,2,3,... 

Bn = PnDn-1 + QnBn-l, 71=1,2,3,... 
Cn = A„_i, Dn = Bn-l, n= 1,2,3,... (23) 

Conversely, given the sequence of {Ai}, {Bi}, {d} and {Di}, one can recover 
the sequence of {ai}, {bi}, {q} and {di} (and, therefore, {pi} and {qi}). The 
following statement is true. 
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Proposition 3 Corresponding to a given system of the linear transformations 



Tniz) = ^P^^-^, A.A.-i?nC„/l (24) 



there exists a uniquely determined sequence 

T„{z) ^ ""^ ^ a„(i„ - 6„c„ 7^ 1 (25) 

such that Tn{z) = TqTi . . . Tn{z). 

Proof. See p. 28-29 for the proof, where also the exphcit formulas for r„ are 
given. □ 

In view of the proposition [31 a representation of the complex number v by 
a continued fraction is not unique. Indeed, any given sequence of the complex 
numbers Vn ^ v generates a continued fraction convergent to v. Note, that there 
are many distinct sequences {vn} convergent to v. However, the representation is 
unique over the field Q. (This is the main reason behind our favor to the groups 
r(iV) (Tq{N)), as opposed to the general Fuchsian groups.) The continued 
fraction of the form 

Po + (26) 

Pi 



P2 + ■ ■■ 

is called a regular continued fraction, if all pi are the positive integers except, 
may be, po which can be 0. The regular continued fraction converges to a real 
number, which is a rational number if the fraction is finite, or an irrational 
number if the fraction is infinite. Recall that the regular continued fractions 
{Pn},{Pn} 8.re said to be distinct, if they differ in at least one term. The 
following is a well-known result. 

Proposition 4 (Legendre) Every positive irrational number has a unique de- 
composition into an infinite regular continued fraction. 

Proof See e.g. [H] Satz 2.6, p. 33. □ 

The two irrationals 9,9' are called equivalent \i 9' = 9 mod GL{2,'E). By 
a tail of the infinite continued fraction {pnj^o one understands the sequence 
{Pn}^^N' where > 0. The continued fractions {Pn},{Pn} are said to have 
the same tails, if {pn}^^^ is identical with {p'n}^=N' some positive integers 
N, N' . The following is a main property of the regular continued fractions. 

Proposition 5 The irrationals 9, 9' are equivalent if and only if their regular 
continued fractions have the same tails. 



Proof See e.g. [H] Satz 2.24, p. 55. □ 
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4.2 Modular surfaces 



In this section the Riemann surfaces X{N) and Xq{N) are reviewed. The 
Riemann surfaces are routinely identified with the surfaces endowed with a 
hyperbohc metric (the uniformization theorem). We recommend Ch. 9, 11 of 
[5] for an extended exposition. 



4.2.1 The principal congruence and Hecke subgroups 

For an integer > 1 let: 

rm = {(:; :).«(2,z,i(» ^).(j ;)„„.« 

ro(iV) = |(^" e5X(2,Z) I c = mod 7v|. (27) 

The normal subgroups T{N) and ro(iV) have a finite index in the modular 
group SL{2^X) and are called the principal congruence and Hecke subgroups of 
the level N , respectively. The r(A^) and ro(A^) consist of the matrices of the 
form: 

respectively. Clearly, r(A^) C ro(A^) C SL{2,Z). 



4.2.2 The genus formulae 

Let H = {z = a; + iy e C\y > 0} be a Lobachevsky plane endowed with 
the hyperbolic metric ds — \dz\/y. The group r(A^) (ro(A^)) acts on H by 

the linear transformations z where rf) r(iV)(e ro(iV)). The 

left coset r(Af)\B[ (ro(A^)\H) is an orbifold with the cusps corresponding to 
the stabilizers of the group r(iV) {Tq^N)). We wish to compactify the above 
orbifold to a Riemann surface. Let Q* = Q U {oo}. One can add a boundary 
hne to H, so that H* = H U Q* . H* is the Hausdorff space with a discrete action 
of S'L(2,Z), see [9] p. 311. Then 

X{N) = T{N)\W and Xq{N) = ro(A^)\H* (29) 

are the compact Riemann surfaces. The X{N) and Xo(A^) are called the modular 
(Riemann) surfaces of the level N . The genus of X{N) is given by the formula: 

9^i + ir«'(«-6)n(i-^), -{;;^;;;?'. (30) 

p\N \ ^ / 

see [7], p. 15. An explicit formula for the genus of Xo(A^) is slightly longer: 

^ M(jV) ^i2{N) M3(iV) lioo{N) 
^ 12 4 3 2 ' 
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Moo(iV) 



M3(iV) 



M2(iV) 




(31) 



d\N 



where (irj ^'"'^ ^he Legendre symbols and f is the Euler function, see 

[S], Theorem 9.10. It is well known, that there exist (a finite number of) the 
modular surfaces of any given genus g > 0. 

4.2.3 The length-trace formula 

An element t e SL{2, Z) is called: 

(i) elliptic if I tr (r)| < 2; 

(ii) parabolic if \tr (r)| = 2; 

(iii) hyperbolic if \tr (t)| > 2. 

The cases (i)-(iii) correspond to the isometrics of H with: (i) one fixed point in 
the interior of H, (ii) one fixed point at the boundary of H, (iii) two fixed points 
at the boundary of H. If t € r(iV) (r G To{N)) is a hyperbolic isometry with 
the two fixed points a 7^ at the boundary of H, let A — A (a, b) be an open 
geodesic arc through a and b. If z g A, then t(z) G A and the length 



of the hyperbolic arc [z,r(z)] is independent of z, see [7]. On the other hand, 
r is a covering isometry. Therefore, the arc [z,t(z)] covers a closed geodesic 
A e A{X{N)) (A e A{X„{N))) of the length 1{[z,t{z)]). 

Proposition 6 Each simple closed geodesic A G A{X{N)) (X G A{Xf){N))) 
comes from an equivalence class [t] = {g^g^^ \ g G 5L(2,Z} of a hyperbolic 
transformation r G r(A^) (t G Tq{N)). 

Proof See e.g. [7,. □ 

The geodesic A in the proposition [6] is called an axis of the hyperbolic transfor- 
mation T. 




(32) 
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